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INTRODUCTION 
We give here some more detailed proofs for a partition of the unity given in 
[I] and [2]. 
1. THEOREM 1.1. Let (&(f)),“b e a sequence of C1(Rn) functions, such that 
for each 5 E R”, the estimate 
& I grad h(O I2 < & h&s. (l-1) 
Then 
2 I&&y - $h(rl) I2 < 41 + I E - rl I”> (1 + I 5 I>-” (1 + I ? I)-‘, (1.2) 
h=O 
for E, 7 E R”, such that I 5 - rl I < i (1 + I E I). 
PROOF OF THEOREM 1.1. We have in fact, for each k = 0, 1,2 ,... 
5h(d - ?h45) = j:;$M5 + tb - 4% at 
where 
Then, by Cauchy-Schwarz inequality we deduce 
I MO - hh) I2 G (j: I grad th(S + t(T - 5)) I2 dt) I 77 - 5 I2 
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and 
(1.5) 
Let us consider now the following (our) hypothesis: 
lk-771~<(1+15l)~ 
We get then, for 0 < t < 1 
(1.6) 
1 + / 5 + t(7 - E) I 3 (1 + I 5 I) (1 - +j; (1.8) 
consequently 
= (2 In 2) c I 6 - 7 I2 (1 + I 5 I)-‘. (1.9) 
On the other part, we have the elementary inequality: 
If I 6 - rl I < + (1 + I f I), then 
(1 + I 5 I)-’ G 41 + I f I)-” (1 + I? I)-“* (1.10) 
In fact, write 7 = 7j - 8 + t; it follows 1 7 I < / r] - f I + 1 f 1 < Q + $ / 4 I 
and 1 + I rl I < Q (1 + I 5 I), hence 
--%s 1 3 1 1 
1 +I51 + 191’ (1 +li 5 I)% G 
J 3- 
2 (1 + I77 I)+ 
and multiplying by (1 + 1 f I)-*, we get 
1 
-- l+lflG 
3 1 
21 ---- 
1 
2 2/1+151 
--. 
21+1rl1 
(1.11) 
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So we obtained, as a corollary of the previous reasonings 
$” I VW) - &c(7) I2 < c(’ + I 6 - 7 I21 (1 + I e 1)-k (1 -t 1 ?j ;)-i (1.12) 
u-hen I 5 - 7 I < i$ (1 + I 5 I) h ence the Theorem 1.1 is proved. 
We have also the 
THEOREM 1.2. Let (&(.$))c b e a sequence of continuous functions on R”, such 
that 
io#,2(t) =1, VEERS. (1.13) 
Then if ( 6 - 17 / >, 4 (1 + ( 5 1) we obtain 
PROOF OF THEOREM 1.2. We have 
as 2ab < a2 + b2. 
Then, from / E - 7 I 3 4 (1 + I E I), it follows 
’ e 2 I t - 7 I (1 + I t 1)-l, 
hence 
t I h&) - $447) I2 < 8 I 5 - 7 I (1 + I 5 I)-‘. 
Hence, the Theorem I.2 is a corollary of the following: 
(1.15) 
LEMMA. For any E, 7 E Rn, we have 
g# < c(’ + I 6 - ? 12) (1 + I 5 I>-’ (1 + 17 I)-“. 
In fact, consider the expression 
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But (1 + j 7 I) < c,(l + I r] I”)“, (1 + 15 I) 3 ~(1 + 1 f 12)“, gives 
1+171 ( 
l+lrl12 + 
3+l%16c 1+1512 )
and (#)“<c(q;(:): 
By a known inequality we get 
so 
2. FINAL REMARKS 
Let us remember the partition of the unity constructed in [I] by 
L. Hiirmander. Take 0(x) > 0, a C,“(Rzn)-function, 0(x) > 0 in 
6~2 ; I < ii, j = 1, Z..., n} e(x) = 0 in {x, ] xi 1 3 Q for some j between 1 
Take go, g19 g2 ,... the points in Rn with integer coordinates counted in 
some arbitrary fixed order such that go = 0, and put 
d,(x) = e(x - gk) if1 e(x - g,)2)+. 
We have, because 10” 0(x - gi)2 is a positive function in Cm, that q$ E Cw; 
also ct &s(x) = 1 and 3C such that, for each k 
I grad M4 I d C k = 0, 1, 2 ,... . 
Remark that near the origin, do(x) = 1 and &(x) = 0 for k f 0. Put now 
Due to the fact that &(x) near the origin is 0 or 1, it follows that 
&c(5) E Gvv)~ 
Also, &,(I) > 0 and 1: #k2([) = 1, Vf E R”. We get 
I grad &c(5) I G (1 +; 4 ,)’ 3 k = 0, 1, 2 ,... . 
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Now, for each E E Rn, there exists at most 2” values of k such that 5 E supp &; 
hence 
Then, for this sequence (I&,” conditions of our both Theorems 1 .I and 1.2 
are verified. 
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